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Abstract: In this article, we are going to take a detailed look at the definitions of fractals,
applications of fractals, and others. Fractals are complex geometric shapes that exhibit self-
similarity at different scales. They are created by repeating a simple process over and over
again, resulting in complex and fascinating patterns. Fractals have found many applications in
various fields due to their unique properties and visual appeal.
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1 Introduction

People encounter fractals everywhere. They are found in living and inanimate nature and are
used in science and technology. The properties of fractals were discovered by scientists not so
long ago. Fractals are a new world of beautiful shapes. By studying them, a person tries to
construct the geometry of things that do not have geometry. For example, build a mathematical
model of the same fern leaf. A new direction is being developed thanks to the mathematician
Benoit Mandelbrot, a man who changed geometry and provoked a revolution in many areas of
science, industry and art. He owns the most famous fractal - the Mandelbrot set. In it, the
smallest parts are very similar to the whole, self-similarity goes infinitely deep, each pattern
consists of a smaller copy of itself.

Until recently, geometric models of various natural structures were traditionally built on the
basis of relatively simple geometric figures: straight lines, polygons, circles, polyhedra, spheres.
However, it is obvious that this classical set, quite sufficient for describing elementary structures,
becomes poorly applicable to characterize such complex objects as the outline of continental
coastlines, the velocity field in a turbulent fluid flow, a lightning discharge in the air, porous
materials, the shape of clouds, snowflakes, the flame of a fire, the contours of a tree, the human
circulatory system, the surface of a cell membrane, etc. In the last 15-20 years, scientists are
increasingly using new geometric concepts to describe these and similar formations. One of these
concepts, which changed many traditional ideas about geometry, was the concept of a fractal. It
was introduced by the remarkable French mathematician of Polish origin Benoit Mandelbrot in
1975. And although similar constructions in one form or another appeared in mathematics many
decades ago, in physics the value of such ideas was realized only in the 70s of our century. An
important role in the widespread dissemination of the ideas of fractal geometry was played by
B. Mandelbrot’s wonderful book “Fractal Geometry of Nature” [2]. Fractal objects, according
to their initial definition, have a dimension that strictly exceeds the topological dimension of the
elements from which they are built. Describing new ideas, Mandelbrot wrote:

“Why is geometry often called cold and dry? One reason is its inability to describe the
shape of a cloud, mountain, tree or seashore. Clouds are not spheres, mountains are not cones,
coastlines are not circles, and the crust is not smooth, and lightning does not travel in a straight
line. Nature shows us not just a higher degree, but a completely different level of complexity.
The number of different length scales in structures is always infinite.”

The basis of the new geometry is the idea of self-similarity. It expresses the fact that the
hierarchical principle of organization of fractal structures does not undergo significant changes
when viewed through a microscope with different magnifications. As a result, these structures
on small scales look, on average, the same as on large scales. A distinction must be made here
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between Euclidean geometry, which deals exclusively with smooth curves, and infinitely rugged,
self-similar fractal curves. Elements of curves in Euclid are always self-similar, but in a trivial
way: all curves are locally straight, and a straight line is always self-similar. A fractal curve,
ideally, on any scale, even the smallest, does not reduce to a straight line and is, in the general
case, geometrically irregular and chaotic. For it, in particular, there is no concept of a tangent at
a point, since the functions describing these curves are, in the general case, non-differentiable.

In the past, mathematics has been concerned largely with sets and functions to which the
methods of classical calculus can be applied. Sets or functions that are not sufficiently smooth or
regular have tended to be ignored as ‘pathological’ and not worthy of study. Certainly, they were
regarded as individual curiosities and only rarely were thought of as a class to which a general
theory might be applicable.

The concepts of fractal and fractal geometry have become firmly established in the everyday
life of mathematicians and programmers, as well as other researchers, since the mid-80s. The
word fractal is derived from the Latin words: fractus - broken, shattered, fractional and the
corresponding verb frangere - to break, break, that is, to create fragments of irregular shape.
The birth of fractal geometry is usually associated with the publication of Mandelbrot B.’s book
“Fractal Geometry of Nature” in 1977.

A fractal is a structure consisting of parts that are in some sense similar to the whole. This
definition contains a significant distinguishing feature - a fractal looks the same, no matter what
scale we observe it at. But, having only the appearance, the assessment of fractal properties is
difficult, and in most cases impossible.

Basic properties of fractal sets:

1. the fractal has a fine structure, that is, it contains arbitrarily small scales;

2. a fractal is too irregular to be described in traditional geometric language;

3. the fractal has a form of self-similarity (approximate or statistical);

4. fractal dimension is greater than topological dimension;

5. In most cases, a fractal is defined very simply, for example, recursively.

One of the main properties that unites all fractals is the geometric repetition of itself at any
scale level (self-similarity). In other words, a self-similar object is exactly or approximately the
same as a part of itself, that is, the whole has the same shape as one or more parts. Self-similarity
(symmetry) — invariance under parallel translations and scaling (scale changes). In the simplest
case, a small part of a fractal contains information about the entire fractal. Most natural objects
exhibit self-similarity, the main organizing principle of fractals. You can learn about fractals and
its applications in works [1]-[8]. Using the properties of fractals, various problems were studied
and solved in works [9]-[12].

Where do fractals occur in life? These phenomena, in addition to mathematicians, are ob-
served by the natural sciences - physics and biology. The principle of fractals is used in radio
engineering and to create new electronic communicators. Fractals make the operation of com-
puter networks as stable as possible. Where do fractals occur in nature? Fractals, like patterns
and shapes that repeat themselves on different scales, are found in living and inanimate nature.
These are trees, rivers, mountains, plants, systems of living organisms and the structures of the
Universe.

We begin by looking briefly at a number of simple examples of fractals, and note some of
their features. The middle third Cantor set is one of the best known and most easily constructed
fractals; nevertheless it displays many typical fractal characteristics. It is constructed from a unit
interval by a sequence of deletion operations; see Figure 1. Let Ey be the interval [0, 1]. (Recall
that [a, b] denotes the set of real numbers z such that a < z < b). Let E; be the set obtained by
deleting the middle third of Ey, so that £ consists of the two intervals [0, ] and [3, 1]. Deleting
the middle thirds of these intervals gives E; thus E, comprises the four intervals [0, 5], [3, 3],
[3,7]. [5,1]. We continue in this way, with E}, obtained by deleting the middle third of each
interval in E)_;. Thus E} consists of 2* intervals each of length 3=*. The middle third Cantor
set F' consists of the numbers that are in Ej, for all k; mathematically, F' is the intersection
My Ex. The Cantor set F' may be thought of as the limit of the sequence of sets E, as k tends
to infinity. It is obviously impossible to draw the set F' itself, with its infinitesimal detail, so
‘pictures of F” tend to be pictures of one of the Fj, which are a good approximation to F' when
k is reasonably large; see Figure 1. At first glance it might appear that we have removed so much
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of the interval [0, 1] during the construction of F', that nothing remains. In fact, F' is an infinite
(and indeed uncountable) set, which contains infinitely many numbers in every neighbourhood
of each of its points.

w e

Figure 1. Construction of the middle third Cantor set F’, by repeated removal of the middle third

of intervals. Note that F';, and Fr, the left and right parts of F', are copies of F’ scaled by a factor
1

3-

The middle third Cantor set F' consists precisely of those numbers in [0, 1] whose base-3
expansion does not contain the digit 1, i.e. all numbers a;37! + a;372 +a3373 +... witha; = 0
or 2 for each 4. To see this, note that to get | from Fy we remove those numbers with a; = 1, to
get F, from F| we remove those numbers with a; = 1, and so on. We list some of the features
of the middle third Cantor set F'; as we shall see, similar features are found in many fractals.

2 Types of fractals

Fractals are mathematical shapes that split into smaller versions of themselves, and the parts
become smaller copies of the whole. Sometimes they are created by continuously repeating a
basic procedure in an endless loop or series. The property of self-similarity is central to fractals.

Fractals are usually divided into geometric, algebraic and stochastic.

Geometric — are built on the basis of the original figure, which is divided and transformed
in a certain way at each iteration.

Algebraic — are built on the basis of algebraic formulas.

Stochastic — are formed if one or more parameters are randomly changed in the iteration
system.

Next, we will examine each class in detail.

Geometric fractals. These figures are based on straight lines, squares, circles, polygons, and
polyhedrons. Let’s look at several examples from the simplest to the most complex.

Cantor set. In 1883, Georg Cantor, a German mathematician and the author of set theory,
came up with a set that repeated itself over and over again. Cantor took an arbitrary segment and
divided it into two parts, then each part into two more, and so on:

Each stage of dividing the lines into two parts is called an iteration. An iteration is a repetition
of the same action, or, by analogy with programming, one pass through the body of the cycle. In
the first iteration we had one segment, in the second we got two, in the third - four, and so on. If
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we repeat this simple action an infinite number of times and zoom in on the image, we will see
the same picture as at the very beginning. This is the visual embodiment of self-similarity:

Swedish mathematician Helge von Koch described the curve in 1904 using a triangle and the
method of self-similarity, resulting in a fractal snowflake.

Below are four iterations of constructing such a figure. On the left are the original curves, and
on the right is the snowflake obtained from these curves. It is easy to see that both the equilateral
triangle and the curve itself fit perfectly into the snowflakes:

No matter what iteration we zoom in on, we can always see a familiar pattern, just like with
the Cantor set. It is impossible to calculate the perimeter of such a snowflake, because it can
grow further and further... This is another property of fractals - infinity.

Algebraic fractals. Algebraic fractals, unlike geometric ones, are based on a formula rather
than on figures, but they are also recursively iterated. They look even more bizarre than those
we have considered above.

Mandelbrot set. In 1905, the French mathematician Pierre Fatou described a set that was first
modeled in the 1970s by Benoit Mandelbrot (we are already familiar with him) using a computer
on the complex plane:

The basis of such a set is the formula:
Zn+l = Zn + Ca

where z and C are complex numbers.
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Julia set. The set created by the Frenchman Gaston Julia is also based on the Fatou formula
f(z) = 22+ C and resembles the Mandelbrot fractal, but has some mathematical differences that
affect the final result:

Without going into mathematical subtleties, we can say that the Mandelbrot set uses a new
value of the parameter C at each iteration, while Julia left this value fixed at each new cycle.
Therefore, for different values of C, the Julia fractal can be visualized in different ways, for
example like this:

Stochastic fractals. If in geometric and algebraic fractals the formula is constant, then in
stochastic fractals it changes - and more than once. The change can occur either according to a
specific law or randomly, but in both cases it leads to a fantastic visual effect!

The following image is based on several fractal formulas:

Using complex stochastic laws, scientists can reproduce the structures of living objects. By
adding deviations at various iterations to fractals such as the Pythagorean tree or the Koch
snowflake, we can obtain an image of tilted foliage or generate as many unique snowflakes
as we like.
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3 Examples of fractals

Fractals are mathematical sets, usually obtained through recursion, that exhibit interesting di-
mensional properties. For now, we can begin with the idea of self-similarity, a characteristic of
most fractals. A shape is self-similar when it looks essentially the same from a distance as it
does closer up.

Self-similarity can often be found in nature. In the Romanesco broccoli pictured below, if we
zoom in on part of the image, the piece remaining looks similar to the whole.

Similarly, if we zoom in on the coastline of Portugal, each zoom reveals previously hidden
detail, and the coastline, while not identical to the view from further way, does exhibit similar
characteristics.

This self-similar behavior can be replicated through recursion: repeating a process over and
over.

Example 1. Suppose that we start with a filled-in triangle. We connect the midpoints of each
side and remove the middle triangle. We then repeat this process.

A L LS

Initial Step 1 Step 2 Step 3

If we repeat this process, the shape that emerges is called the Sierpinski gasket. Notice that
it exhibits self-similarity — any piece of the gasket will look identical to the whole. In fact, we
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can say that the Sierpinski gasket contains three copies of itself, each half as tall and wide as the
original. Of course, each of those copies also contains three copies of itself.

AD A2
Y'i
b A & £ vv. ADAD L

We can construct other fractals using a similar approach. To formalize this a bit, we’re going
to introduce the idea of initiators and generators.

Initiators and Generators. An initiator is a starting shape A generator is an arranged col-
lection of scaled copies of the initiator.
To generate fractals from initiators and generators, we follow a simple rule:

At each step, replace every copy of the initiator with a scaled copy of the generator, rotating
as necessary.

This process is easiest to understand through example.
Example 2. Use the initiator and generator shown to create the iterated fractal.

/\

initiator generator

This tells us to, at each step, replace each line segment with the spiked shape shown in the
generator. Notice that the generator itself is made up of 4 copies of the initiator. In step 1, the
single line segment in the initiator is replaced with the generator. For step 2, each of the four line
segments of step 1 is replaced with a scaled copy of the generator:

Step 1 Scaled copy A scaled copy Step 2
of generator replaces each line

segment of Step 1

This process is repeated to form Step 3. Again, each line segment is replaced with a scaled
copy of the generator.

% 1k U

Scaled copy

2
BRp of generator

Step 3

Notice that since Step 0 only had 1 line segment, Step 1 only required one copy of Step 0.

Since Step 1 had 4 line segments, Step 2 required 4 copies of the generator.

Step 2 then had 16 line segments, so Step 3 required 16 copies of the generator.

Step 4, then, would require 16*4 = 64 copies of the generator.

The shape resulting from iterating this process is called the Koch curve, named for Helge von
Koch who first explored it in 1904.

S 1 T P

Scaled copy

Step 2
P of generator

Step 3
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Example 3. Use the initiator and generator below, however only iterate on the “branches.”
Sketch several steps of the iteration.

initiator generator

We begin by replacing the initiator with the generator. We then replace each “branch” of Step
1 with a scaled copy of the generator to create Step 2.

Y Y

Step 1 Step 2

We can repeat this process to create later steps. Repeating this process can create intricate
tree shapes.

—

Step 3 Step 4 Final shape

Example 4. Create a variation on the Sierpinski gasket by randomly skewing the corner
points each time an iteration is made. Suppose we start with the triangle below. We begin, as
before, by removing the middle triangle. We then add in some randomness.

/N o

Step 0

Step 1 Step 1 with
randomnesss

We then repeat this process.

AV =N

Step 1 with Step 2 Step 2 with
randomnesss randomnesss

Continuing this process can create mountain-like structures.
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4 Fractal Dimension

In addition to visual self-similarity, fractals exhibit other interesting properties. For example,
notice that each step of the Sierpinski gasket iteration removes one quarter of the remaining
area. If this process is continued indefinitely, we would end up essentially removing all the area,
meaning we started with a 2-dimensional area, and somehow end up with something less than
that, but seemingly more than just a 1-dimensional line.

To explore this idea, we need to discuss dimension. Something like a line is 1-dimensional;
it only has length. Any curve is 1-dimensional. Things like boxes and circles are 2-dimensional,
since they have length and width, describing an area. Objects like boxes and cylinders have
length, width, and height, describing a volume, and are 3-dimensional.

1-dimensional 2-dimensional 3-dimensional

@

Certain rules apply for scaling objects, related to their dimension. If I had a line with length
1, and wanted scale its length by 2, I would need two copies of the original line. If I had a line
of length 1, and wanted to scale its length by 3, I would need three copies of the original.

1 2 3

If I had a rectangle with length 2 and height 1, and wanted to scale its length and width by 2,
I would need four copies of the original rectangle. If I wanted to scale the length and width by
3, I would need nine copies of the original rectangle.

2 4 6

',

If I had a cubical box with sides of length 1, and wanted to scale its length and width by 2,
I would need eight copies of the original cube. If [ wanted to scale the length and width by 3, I
would need 27 copies of the original cube.

3
1@1 2 /
1 2 2 3

Notice that in the 1-dimensional case, copies needed = scale.

In the 2-dimensional case, copies needed = scale?.

In the 3-dimensional case, copies needed = scale?.

From these examples, we might infer a pattern.

Scaling-Dimension Relation. To scale a D—dimensional shape by a scaling factor S, the
number of copies C' of the original shape needed will be given by:

Copies = ScalePimension or ' = P,

Example 5. Use the scaling-dimension relation to determine the dimension of the Sierpinski
gasket.
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Suppose we define the original gasket to have side length 1. The larger gasket shown is twice
as wide and twice as tall, so has been scaled by a factor of 2. Notice that to construct the larger
gasket, 3 copies of the original gasket are needed.

Using the scaling-dimension relation C' = S, we obtain the equation 3 = 27,

£a

1 2

Since 2! = 2 and 2% = 4, we can immediately see that D is somewhere between 1 and 2; the
gasket is more than a 1-dimensional shape, but we’ve taken away so much area its now less than
2-dimensional.

Solving the equation 3 = 2P requires logarithms. If you studied logarithms earlier, you may
recall how to solve this equation (if not, just skip to the box below and use that formula):

3 = 2P Take the logarithm of both sides,

log(3) = log(2?) Use the exponent property of logs,

log(3) = Dlog(2) Divide by log(2),

D= igig; ~ 1,585 The dimension of the gasket is about 1.585.

Scaling-Dimension Relation, to find Dimension to find the dimension D of a fractal, deter-
mine the scaling factor S and the number of copies C' of the original shape needed, then use the
formula:

_ log(C)
- log(8)’
The first mathematical apparatus for calculating fractional dimensions was proposed by the
German scientist Felix Hausdorff in 1919. To obtain a formula for calculating the size of a figure,
we can reason as follows. If we take a linear segment and divide it into N = 3 equal parts, then
the length of each fragment will be three times less than the original length. Let the initial length
be conditionally equal to 1, then the lengths of the fragments will be equal to r = % Obviously,
the total length of the segment is:

@.1)

Let’s do the same operation with a square. We’ll also divide each of its sides, each one unit
long, into three equal parts. That is, the linear dimensions of the small squares will be r = %

And there are only IV = 9 such squares. In this case, the area of the large square will be:
N.-r?2=1.

As you may have guessed, if you take a cube and also divide each of its sides into three equal
segments, you will get N = 27 cubes with sides r = % Then the volume of the cube can be
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expressed by the formula:
N =1.

That is, look, the dimension of the figure is manifested as the degree of the similarity coeffi-
cient r. And in the general case, we can write:

N.-rd=1.

To express the power d from this formula, we take the logarithm of the left and right sides of
this equation and obtain:
log(N - %) =1log1,

log N +d-logr =0,

d-logr = —1logN,

—al~10g1 = —logN,
r

N
q= eV
log

The logarithm can be taken to any base, usually 2, 10 or e—the natural logarithm. The value
d is called the fractal dimension or similarity dimension.

Let’s use this formula, calculate the dimension of the Koch curve and check if it is really
equal to 1,2618.

r=1/3 N=4

It is known that the length of the reduced segments is equal to r = % of the total length L = 1.
There are N = 4 such segments in total. Substituting the values into the fractal dimension
formula, we have:

_logN  log4
N log% B log3

~ 1,2618.

Let’s do the same thing to calculate the dimension of the Sierpinski carpet fractal.

Here the similarity coefficient r = % There are N = 3 reduced triangles in total. We obtain
the dimension of this fractal equal to:

_logN _ log3
- log% - 10g2

And also the next example is the dimension of the fractal "Harter-Haytheway dragon".
At each iteration, the straight lines are replaced by rectangular corners. If the length of the
straight line is taken as one (L = 1), then the lengths of the sides of the rectangular corner will
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r=405 N=2

be equal to r = /0,5. There are N = 2 such sides in total. We obtain the dimension of this
fractal:

log N log2
= log L - log —
r \/(ﬁ

That is, with the number of iterations tending to infinity, the dragon will cover the entire two-
dimensional space. In fact, this is one example of a Peano curve, which, being one-dimensional,
is capable of going around all points on the plane. And the Hausdorff metric confirms this.

5 Applications of fractals

Fractal shapes exist throughout the human body, in the lungs, blood vessels and neurons. Fractals
can also be used to diagnose heart rhythm disorders and tumors. Fractals have a wide range of
applications in mathematics and other fields. Some of the most notable applications include:

1. In natural phenomena and geological formations.

2. In medical imaging and biomedical analysis.

3. In computer graphics and visual effects.

4. In financial markets and econophysics.

5. In the field of artificial intelligence and pattern recognition.

6. In art, etc.

Let’s learn about them briefly.

Fractals of different dimensions can also model various structures in nature, especially those
that have self-similarity across different scales. Consequently, fractal geometry has proven useful
in the study of many natural phenomena and geological formations. Coastlines from a distance
may look smooth due to slight changes in sea level, but up close we see jagged corners and bays
of varying scales - fractal analysis gives us insight into the complex structures of nature.

Fractals are used as a research tool in medical imaging, which includes the use of MRI and
computed tomography. Over the past decade, fractal analysis has been applied to much more
complex biological structures by studying the branching patterns of neurons, providing vital
clues to understanding their structure and function.

Fractals are widely used in computer graphics and visual effects. With their help, the created
textures and landscapes of video games, films and virtual environments look extremely realistic.
The fractal algorithm is widely used to create realistic natural landscapes such as game terrain,
clouds and trees that look like in real life.

We can use fractal geometry to analyze financial markets, using econophysics to model irreg-
ular, complex patterns in stock prices and interest rates, as well as the prices of other financial
instruments. We can use fractal analysis to predict market trends and evaluate market patterns.

They are used by artificial intelligence and pattern recognition to analyze and classify big
data. Fractal-based algorithms can be used in image processing, speech recognition, or machine
learning to extract meaningful patterns from noisy data.

Artists use fractal geometry as a basis to create visually arresting works of art. They use
mathematical algorithms to generate complex fractal patterns, which are then translated into
paintings, digital art, sculptures and other forms of visual expression.

Fractals provide a powerful platform for modeling, analyzing and creating complex patterns
and structures in a variety of fields, making them valuable tools in science, technology, engineer-
ing, mathematics and the arts.
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6 Conclusion

In mathematics, fractals are sets of points in Euclidean space that have a fractional metric di-
mension or a metric dimension different from the topological one. The term "fractal" was in-
troduced by Benoit Mandelbrot in 1975 and became widely known with the publication of his
book "Fractal Geometry of Nature" in 1977. Fractals are widely used in computer graphics to
construct images of natural objects such as trees, bushes, mountain landscapes, sea surfaces, and
SO on.

Today, fractals are widely used in a variety of fields, from mathematics to art:

They are used to describe various phenomena in classical mechanics, hydrodynamics, elec-
trodynamics, and geophysics.

In telecommunications, they allow modeling electromagnetic fields in cellular and satellite
communications.

In biology, they accurately describe the structure of natural objects, model and predict their
behavior.

Medicine uses fractals to study internal processes in the human body, study heart rhythm,
blood vessels, and the nervous system.

In economics, fractals are used to analyze markets and identify patterns in price behavior.

In 3D graphics, they are used to create complex textures and patterns, such as trees, clouds,
and sea waves.

In art and design, they are used when you need to create a non-standard “psychedelic” com-
position, immerse the viewer in new dimensions.

In the future, the authors plan to use fractal calculations for works [13]-[18].
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